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$K$ $\mathbb{R}$ $\mathbb{C}$ $S$ $K^{n}$
$\mathbb{R}$ $c\infty$
$\mathbb{C}$ (holomorphic) $f$ : $(K^{n}, S)arrow K^{p}$
$f(S)=0$ $f$ : $(K^{n}, S)arrow(K^{p}, 0)$
$c_{s}$ $=$ $\{\varphi$ : $(K^{n},$ $S)arrow K$ $\}$ ,
$C0$ $=$ $\{\psi$ : $(K^{p},$ $0)arrow K$ $\}$
$K$ $K$- $K$-
$ms$ $=$ $\{\varphi$ : $(K^{n},$ $S)arrow(K,$ $0)$ $\}$ ,
$m0$ $=$ $\{\psi$ : $(K^{p},$ $0)arrow(K,$ $0)$ $\}$
$f$ : $(K^{n}, S)arrow(K^{p}, 0)$ $f^{*}:C_{0}arrow Cs$ $f^{*}(u)=u\circ f$
$K$- $Q(f)=C_{S}/f^{*}m_{0}C_{S}$
$f$ : $(K^{n}, S)arrow K^{p}$
$\theta_{S}(f)=\{\xi$ : $(K^{n},$ $S)arrow TK^{p}$ $|\pi\circ\xi=f\}$
$T\mathbb{K}^{p}$ }$fK^{p}$ $\pi$ : $TK^{p}arrow K^{p}$




$\theta_{\{0\}}(id_{(N^{\rho},0)})$ $id_{(K^{n},S)}$ $id_{(Kt0)}$ $(K^{n}, S)$ $(K^{p}, 0)$
$f$ : $(K^{n}, S)arrow(K^{p}, 0)$ Mather[14] $tf$




$\omega f(\xi)=\xi\circ f$ .
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$f$ Wa11[29]
$T\mathcal{R}(f)=tf(ms\theta_{S}(n))$ , $T\mathcal{R}_{e}(f)=tf(\theta_{S}(n))$ ,
$T\mathcal{L}(f)=\omega f(m_{0}\theta_{0}(p))$ , $T\mathcal{L}_{e}(f)=\omega f(\theta_{0}(p))$ ,
$T\mathcal{A}(f)=T\mathcal{R}(f)+T\mathcal{L}(f\cdot)$ , $T\mathcal{A}_{e}(f)=T\mathcal{R}_{e}(f)+T\mathcal{L}_{e}(f\cdot)$,
$T\mathcal{K}(f)=T\mathcal{R}(f)+f^{*}m_{0}\theta_{S}(f)$ , $T\mathcal{K}_{e}(f)=T\mathcal{R}_{e}(f)+f^{*}m_{0}\theta_{S}(f)$ .
$f$ : $(K^{n}, S)arrow(K^{p}, 0)$
$\xi of\in T\mathcal{L}_{e}(f)\cap T\mathcal{R}_{e}(f)$
$\xi\in\theta_{0}(p)$ $f$ $f$
$C_{0}$ -
$f$ : $(K^{n}, S)arrow(K^{p}, 0)$ $f$









$f\cdot$ : $(K^{n}, S)arrow(K^{p}, 0)$ $f$
$\hat{\omega}f\cdot(\xi)=[\omega f(\xi)]$
$\hat{\omega}f:\theta_{0}(p)arrow\frac{\theta_{S}(f)}{T\mathcal{R}_{e}(f)}$
Looijenga[13] $K=\mathbb{C},$ $n\geq p,$ $S=$ {one point $x$ }
$\hat{\omega}f$ : $\theta_{0}(p)arrow\frac{\theta s(f)}{T\mathcal{R}_{e}(f)}$ $f$
$\overline{\omega}f:\frac{\theta_{0}(p)}{m_{0}\theta_{0}(p)}arrow\frac{\theta_{S}(f)}{T\mathcal{K}_{e}(f)}$, $\overline{\omega}f([\xi])=[\omega f(\xi)]$
Mather Looijenga 15 $K=$
















$f$ : $(K^{n}, S)arrow(K^{p}, 0)$
$i \overline{\omega}f:\frac{m_{0}^{i}\theta_{0}(p)}{m_{0}^{i+1}\theta_{0}(p)}arrow\frac{f^{*}m_{0}^{i}\theta_{S}(f)}{T\mathcal{R}_{e}(f)\cap f^{*}m_{0}^{i}\theta_{S}(f)+f^{*}m_{0}^{i+1}\theta_{S}(f)}$






$\frac{\frac{fm_{0}^{i}\theta s(f)}{T\mathcal{R}_{e}(f)\cap fm_{\dot{0}}\theta_{S}(f)}}{f^{*}m_{0}(\frac{f\cdot m_{o}^{i}\theta_{S}(f)}{T\mathcal{R},.(f)\cap f\cdot m_{0}^{l}\theta_{S}(f)})}$ .
$f^{*}m_{0}^{i} \theta_{S}(\int)\subset T\mathcal{A}_{e}(f)$ $i\overline{\omega}f$
1.1. $f$ : $(K^{n}, S)arrow(K^{p}, 0)$ $\dim\kappa\theta_{S}(f)/T\mathcal{K}_{e}(f)<\infty$
(1) $i$ $f$ $i<j$
$i$ } $j\overline{\omega}f$
(2) $i\ovalbox{\tt\small REJECT}$ $f$ $j<i$
$j$ $J^{\overline{\omega}f}$
1.1. $f$ : $(K^{n}, S)arrow(K^{p}, 0)$ $\dim_{K}\theta_{S}(f)/T\mathcal{K}_{e}(f)<\infty$
(1) $I_{1}(f)=\{i\in\{0\}UN|_{i}\overline{\omega}f$ $\}$ il $(f)$
$i_{1}(f)=\{\begin{array}{ll}\infty (if I_{1}(f)=\emptyset)\min I_{1}(f) (if I_{1}(f)\neq\emptyset).\end{array}$
(2) $t_{2}(f)=\{i\in\{0\}UN|_{i}\overline{\omega}f$ $\}$ $i_{2}(f)$
$i_{2}(f)=\{$
$\max I_{2}(f)-\infty$ $(if \emptyset\neq I_{2}(f)\neq\{0\} UN)$
$(if I_{2}(f)=\emptyset)$






n-$\int$ $f$ : $(K^{n}, S)arrow(K^{p}, 0)$ $m_{S}^{k}\theta_{S}(f)\subset TA_{e}(f)$
$k$














$r_{n}\leq p$ $.\vdash$ $|iJ$
$i_{1}(f),$ $i_{2}(f)$
1
( 1 ) $i_{1}(f),$ $i_{2}(f)$
2. $f\cdot$ : $(K^{r\iota}, S)arrow(K^{p}, 0)$ $\dim_{K}\theta_{S}(f)/T\mathcal{K}_{e}(f)<\infty$
$n\leq p$ $i_{1}(f)<\infty$ $f$
2 $f$ : $(K^{n}, S)arrow(K^{p}, 0)$
( $f^{*}m_{0}C_{S}\subset m_{S}$ ) $f^{*}m_{0}^{k}\theta_{S}(f)\subset T\mathcal{A}_{e}(f)$
$k$
$k\overline{\omega}f$ $\dim_{K}\theta_{S}(f)/T\mathcal{K}_{e}(f)<$




$m_{S}^{\ell}\subset f^{*}m_{0}C_{S}$ Wall ([29] 462).
$f$
$i_{1}(f)$ $i_{2}(f)$ $f$
$f$ : $(K^{n}, S)arrow(K^{p}, 0)(n\leq p)$
$\max\{r\iota-$ rank$Jf\cdot(sj)|1\leq i\leq|S|\}\leq 1$
$J \int(sj)$ $\int$ $s_{j}\in S$ $|S|$ $S$
3. $f$ : $(K^{n}, S)arrow(K^{p}, 0)(n\leq p)$
il $(f)\geq i_{2}(f)$
3 [22] 3
$3_{Saito[26]}$ , Terao[27], Looijenga[13], van Straten[28]
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1. $f$ : $(K^{n}, S)arrow(K^{p},0)(n\leq p)$
$i\overline{\omega}f$
$i$
(1) $i<i$ $i$ $j\overline{\omega}f$
(2) $i<j$ $i$ { $j\overline{\omega}f$
1.1. $e$ : $Karrow K^{2}$ $e(x)=(x, 0)$
$\theta$ $R_{\theta}$ : $K^{2}arrow K^{2}$ $K^{2}$ $\theta$
$R_{\theta}$
$R_{\theta}(\begin{array}{l}XY\end{array})=(\begin{array}{ll}cos\theta -sin\thetasin\theta cos\theta\end{array})(\begin{array}{l}XY\end{array})$ .
$\ell$ $S=\{s_{0}, \ldots, s_{\ell+1}\}$ $(Sj\neq s_{k} if i\neq k)$
$\ell$
$\theta_{j}=j\frac{\pi}{\ell+2}$ $j(0\leq j\leq\ell+1)$
$e_{j}$ : $(K, s_{j})arrow(K^{2},0)$ $eJ(Xj)=R_{\theta_{j}}\circ e(x_{j})$ ( $x_{j}=x-Sj$




($P\geq 1$ 1 ) $i_{2}(E_{\ell})=0$
$i_{1}(E_{\ell})=P$ il $(E_{\ell})-i_{2}(Ep)=\ell$
3 $f\ovalbox{\tt\small REJECT}$ $i_{1}(f)-i_{2}(f)$ $0$ 3
$i_{1}(f)-i_{2}(f)$
$i_{1}(f)-i_{2}(f)$
$i_{1}(f)-i_{2}(f)$ $0$ ( $f$
) 1 (1), (2)




1 [22] 1.1 $e$ 1
$0^{\overline{\omega}e}$
$i_{1}(e)=0,$ $i_{2}(e)=-\infty$ $i_{1}(e)-i_{2}(e)$ $\infty$
1.1 $E_{0}$ 1
$i_{1}(E_{0})-i_{2}(E_{0})$ $0$ 1 1
\S 2





$\overline{t}f:Q(f)^{n}arrow Q(f)^{p}$ , $\overline{t}f([\eta])=[tf(\eta)]$ .
$\dim_{K}Q(f)<\infty$ $f$ : $(K^{r\iota}, S)arrow(K^{p}, 0)$ $\delta(f)=$
$\dim_{K}Q(f)$ $\gamma(f)$ $\overline{t}f$ $f$ $i$
$iQ(f)=f^{*}m_{0}^{i}C_{S}/f^{*}m_{0}^{i+1}C_{S}$ $i\delta(f)$
$0Q(f)=Q(f)$ $0\delta(f)=\delta(f)=\dim_{K}Q(f)$
$Q(f)$ - $iQ(f)^{n}$ $Q(f)^{p}$
$\frac{f^{*}m_{0}^{i}\theta_{S}(n)}{f^{*}nl_{0}i+1\theta_{S}(n)}$ and $\frac{f^{*}m_{0}^{i}\theta_{S}(f)}{f^{*}m_{0}^{i+1}\theta_{S}(f)}$ .
$Q(f)$- $i\overline{t,}f$ $tf$ $\overline{t}f$
$i\overline{t}f:_{i}Q(f)^{n}arrow iQ(f)^{p}$, $i \overline{t}\int([\eta])=[tf(\eta)]$ .
$i\overline{\omega}f$
$i$ $\gamma$( $i\delta(f)$ $i\gamma(f)$ [21]
$\delta(f\cdot)<\infty$ $i\delta(f)<\infty$ $\gamma(f)<\infty$
$i\gamma(f)<\infty$ ([21] ).




5. $f$ : $(K^{n}, S)arrow(K^{p}, 0)$ $\delta(f)<\infty$
(1) $0\gamma(f)=\gamma(f)=\delta(f)-|S|$ .
(2)
$i\delta(f)=(\begin{array}{ll}n +i-1 i\end{array})\cdot\delta(f),$ $i\gamma(f)=(\begin{array}{ll}n +i-l i\end{array})\cdot\gamma(f)$ $(i\in N\cup\{0\})$ .
4, 5 [22] 4 5
$\delta(f)<\infty$ $f$ :
$(K^{n}, S)arrow(K^{p}, 0)$ $i+1\overline{\omega}f$ $i$ $\dim_{K}ker(i+1\overline{\omega}f)$ ”
$\mathcal{A}$- $\delta(f),$ $\gamma(f)$ ” $\mathcal{K}$-
$i_{1}(f)-i_{2}(f)=0$
1, 4, 5 1(3)
$i_{1}(f)-i_{2}(f)=0$
1(1), (2),(3)





2.1. $\varphi(x_{1}, \ldots, x_{n-1}, y)=(x_{1}, \ldots, x_{n-1}, y^{r\iota+1}+\sum_{i=1}^{n-1}x_{i}y^{i})$
$\varphi$ : $(K^{n}, 0)arrow(K^{n}, 0)$
$0^{\overline{\omega}\varphi}$ ([20, 16]










$\ldots,$ $u_{k-2},$ $v_{1},$ $\ldots,$ $v_{k-1},$
$y^{k}+ \sum_{i=1}^{k-2}u_{i}y^{i},\sum_{i=1}^{k-1}v_{i}y^{i})$ .
$0^{\overline{\omega}\varphi_{k}}$




$(2k-1)$ . $(2k -11)-(((2k-1)-(2k-2)) . 1\delta(\varphi_{k})+1\gamma(\varphi_{k})-0\gamma(\varphi_{k}))$





$3k-2$ Holland-Mond[8] 5 1,
4, 5
23. $\psi_{n}:(K^{n}, 0)arrow(K^{2n-1},0)$

















2.4. 3.1, 32, 33 $f$ : $(K, 0)arrow$
$(K^{p}, 0)(p\geq 2)$ $2\leq\delta(f)<\infty$ $F:(K\cross K^{c}, 0)arrow$
$(K^{p}\cross K^{c}, 0)$ $f$ $\mathcal{K}$- $f$ $\mathcal{K}$- [15]
(5.8) $c=r$ 6 Mather[15, 16]
$0\overline{\omega}F$ [29] 45.1 $c=p\delta(f)-1-p$
1, 4, 5 $F$
$(p+c)$ . $(\begin{array}{l}p+cl\end{array})11$
$=$ $(p+c)^{2}-((p-1) . (1+c)\cdot\delta(f)+c\cdot(\delta(f)-1))$
$=$ $p^{2}\cdot\delta(f’)-p\cdot\delta(f)+\delta(f)-p$ .
([15] A) 7, [15] (16)8,
([15] (5.10)) 9, $2$$p\delta(f)-p\delta(f)+\delta(f)-p>p+c$
10,
$p=r\iota+1$ 11
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$i\geq 2$ $f$
6[7] I $\frac{\theta(F’)}{tF.(\theta(n-k))+F.m_{p-k}\theta(F.)}$ $\kappa_{i\overline{\pi}}$
$\hslash^{i}p$ (4.3,8)














$c:Karrow K^{2}$ $c(x)=(x^{2}, x^{3})$ $\theta$
$K^{2}$ $K^{2}$ $R_{\theta}$ : $K^{2}arrow K^{2}$
$R_{\theta}(\begin{array}{l}XY\end{array})=(\begin{array}{ll}cos\theta -sin\thetasin\theta cos\theta\end{array})(\begin{array}{l}XY\end{array})$ .
$\theta_{0},$
$\ldots,$
$\theta_{i}$ $0\leq\theta_{j}<2\pi(0\leq i\leq i)$ $0\neq|\theta_{j}-\theta_{k}|\neq\pi(i\neq k)$
$S=\{s_{0}, \ldots, s_{i}\}$ $(Sj\neq sk if j\neq k)$
$c_{\theta_{j}}$ : $(K, sj)arrow(K^{2},0)$
$c_{\theta_{j}}(x)=R_{\theta_{j}}\circ c(xj)$ $Xj=x-Sj$
$\{c_{\theta_{0}}, \ldots, c_{\theta_{:}}\}$ : $(K, S)arrow(K^{2},0)$ $c_{(\theta_{0},\ldots,\theta_{i})}$
$i=0$ $i=1$
$c_{(\theta_{0},\ldots,\theta:)}(i\in N)$








2. $i\in N$ $c_{(\theta\text{ },\ldots,\theta.)}$
$\frac{m_{0}^{i}\theta_{0}(2)}{m_{0}^{i+1}\theta_{0}(2)}=\bigoplus_{j=0}^{i}ker(_{i}\overline{\omega}c_{\theta_{j}^{\wedge}})$ .
2 [19]




















$V_{i} \frac{\partial}{\partial V_{j}}+X_{i}\frac{\partial}{\partial X_{j}}+m_{0^{\theta_{0}(2n_{-1)}}}^{2}$ $(1 \leq i, j\leq n_{-}1)$ ,
$X_{i} \frac{\partial}{\partial V_{j}}+m_{0}^{2}\theta_{0}(2n-1)$ $(1\leq i,$ $j\leq n_{-1)}$ ,
2 $X_{i} \frac{\partial}{\partial W}+m_{0}^{2}\theta_{0}(2n_{-1)}$ $(1 \leq i\leq n_{-}1)$ ,
2 $W \frac{\partial}{\partial W}+\sum_{j=1}^{n-1}X_{j}\frac{\partial}{\partial X_{j}}+m_{0^{\theta_{0}(2n_{-}}}^{2}1)$ .
$\psi_{n}$
$\psi_{n}$
$V_{i} \frac{\partial}{\partial V_{j}}+X_{i}\frac{\partial}{\partial X_{j}}$ , $(1 \leq i, j\leq n_{-}1)$
$X_{i} \frac{\partial}{\partial V_{j}}+V_{i}W\frac{\partial}{\partial X_{j}}$ $(1\leq i,$ $j\leq n_{-1)}$ ,
$2X_{i} \frac{\partial}{\partial W}+\sum_{j=1}^{r\iota-1}V_{i}V_{j}\frac{\partial}{\partial’X_{j}}$ $(1 \leq i\leq n_{-}1)$ ,
2 $W \frac{\partial}{\partial W}+\sum_{j=1}^{n-1}X_{j}\frac{\partial}{\partial X_{j}}$ .
32. $c_{(0,\frac{\pi}{2})}$ $c_{0}(x)=$
$(x^{2}, x^{3}),$ $C_{\delta}^{n}(x)=(x^{3}, x^{2})$ $c_{(0_{5}^{\pi})}=\{C_{0}, C_{T}^{\pi}\}$ $(X, Y)$
$K^{2}$
$f=c_{(0}$ , ), $fi=c0,$ $f_{2}=C\pi$
$1\overline{\omega}f$ $ker(_{2}\overline{\omega}f)$
$ker(2\overline{\omega}f)$
$6XY \frac{\partial}{\partial X}+4Y^{2}\frac{\partial}{\partial Y}+m_{0}^{3}\theta_{0}(2),$ $4X^{2} \frac{\partial}{\partial X}+6XY\frac{\partial}{\partial Y}+m_{0}^{3}\theta_{0}(2)$ .
$\eta 1,1,1=3x^{4}\frac{\partial}{\partial x},$ $771,2,1=2_{X^{3}} \frac{\partial}{\partial x},$ $\xi_{1,1}=6XY\frac{\partial}{\partial X}+4Y^{2}\frac{\partial}{\partial Y}$




$(\xi_{1,1}+\xi_{1,2})\circ f_{1}-df_{1}\circ\eta_{1,1,1}=0$ , (5.1)
$( \xi_{1,1}+\xi_{1,2})\circ f_{2}-df_{2}\circ\eta_{1,2,1}=5x^{9}\frac{\partial}{\partial Y}$ . (5.2)
$\xi_{1,3}=-5XY^{3}\frac{\partial}{\partial Y},$ $\eta_{1,1,2}=-\frac{5}{3}x^{9}\frac{\partial}{\partial x}$
$( \xi_{1,1}+\xi_{1,2}+\xi_{1,3})\circ fi-df_{1}\circ(\eta_{1,1,1}+\eta_{1,1,2})=\frac{10}{3}r^{10}\frac{\partial}{\partial X}$ ,
$(\xi_{1,1}+\xi_{1,2}+\xi_{1,3})of_{2}-df_{2}o\eta_{1,2,1}=0$.
$\xi_{1,4}=-\frac{10}{3}X^{2}Y^{2}\frac{\partial}{\partial X},$ $\eta_{1,2,2}=-\frac{10}{9}x^{8}\frac{\partial}{\partial x}$
$(\xi_{1,1}+\xi_{1,2}+\xi_{1,3}+\xi_{1,4})\circ f_{1}-df_{1}\circ(\eta_{1,1,1}+\eta_{1,1,2})=0$ , (5.3)
$( \xi_{1,1}+\xi_{1,2}+\xi_{1,3}+\xi_{1,4})\circ f_{2}-df_{2}\circ(\eta_{1,2,1}+\eta_{1,2,2})=\frac{20}{9}x^{9}\frac{\partial}{\partial Y}$ . (5.4)
(5.3) (5.1) $( \frac{2}{3})^{2}$ (5.4) (5.2)
$( \frac{2}{3})^{2}$ $\xi_{1}$ $f$
$\xi_{1}$ $=$ $\xi_{1,1}+\xi_{1,2}+(1+(\frac{2}{3})^{2}+(\frac{2}{3})^{4}+\cdots)(\xi_{1,3}+\xi_{1,4})$
$=$ $(6XY-6X^{2}Y^{2}) \frac{\partial}{\partial X}+(4Y^{2}+5X^{3}-9XY^{3})\frac{\partial}{\partial Y}$ .
$\eta_{2,1,1}=2x^{3}\frac{\partial}{\partial x},$ $\eta_{2,2,1}=3x_{\mathfrak{X}}^{4\partial},$ $\xi_{2,1}=4X^{2}\frac{\partial}{\text{\^{o}} X}+6XY\frac{\partial}{\partial Y}$
$\xi_{2,1}\circ f_{1}-df_{1}o\eta_{2,1,1}=0$ ,
$\xi_{2,1}\circ f_{2}-df_{2^{\circ rl2,2,1}}=-5x^{6}\frac{\partial}{\partial X}$ .
$\xi_{2,2}=5Y^{3}\frac{\partial}{\partial X}$
$( \xi_{2,1}+\xi_{2,2})\circ f_{1}-df_{1}\circ\eta_{2,1,1}=5x^{9}\frac{\partial}{\partial X}$ , (5.5)
$(\xi_{2,1}+\xi_{2,2})\circ f_{2}-df_{2}\circ\eta_{2,2,1}=0$ . (5.6)
$\xi_{2,3}=-5X^{3}Y\frac{\partial}{\partial X},$ $\prime l2,2,2=-\frac{5}{3}X^{9_{\frac{\partial}{\partial x}}}$
$(\xi_{2,1}+\xi_{2,2}+\xi_{2,3})\circ f_{1}-df_{1}\circ(\eta_{2,1,1})=0$ ,




$( \xi_{2,1}+\xi_{2,2}+\xi_{2,3}+\xi_{2,4})\circ f_{1}-df_{1}o(\eta_{2,1,1}+\eta_{2,1,2})=\frac{20}{9}x^{9}\frac{\partial}{\partial X}$ , (5.7)
$(\xi_{2,1}+\xi_{2,2}+\xi_{2,3}+\xi_{2,4})\circ f_{2}-df_{2}o(\eta_{2,2,1}+\eta_{2,2,2})=0$ . (5.8)
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$=$ $(4X^{2}+5Y^{3}-9X^{3}Y) \frac{\partial}{\partial X}+(6XY-6X^{2}Y^{2})\frac{\partial}{\partial Y}$ .
$f$
$\xi_{1}$ $=$ $(6XY-6X^{2}Y^{2}) \frac{\partial}{\partial X}+(4Y^{2}+5X^{3}-9XY^{3})\frac{\partial}{\partial Y}$ ,
$\xi_{2}$ $=$ $(4X^{2}+5Y^{3}-9X^{3}Y) \frac{\partial}{\partial X}+(6XY-6X^{2}Y^{2})\frac{\partial}{\partial Y}$ .
: [12] $\mathcal{A}$- $(K, S)arrow(K^{2},0)$
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